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Allosteric Models for Cooperative Polymerization of Linear Polymers
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ABSTRACT In the cytoskeleton, unfavorable nucleation steps allow cells to regulate where, when, and how many polymers
assemble. Nucleated polymerization is traditionally explained by a model in which multistranded polymers assemble coopera-
tively, whereas linear, single-stranded polymers do not. Recent data on the assembly of FtsZ, the bacterial homolog of tubulin, do
not fit either category. FtsZ can polymerize into single-stranded protofilaments that are stable in the absence of lateral interactions,
but that assemble cooperatively. We developed a model for cooperative polymerization that does not require polymers to be
multistranded. Instead, a conformational change allows subunits in oligomers to associate with high affinity, whereas a lower-
affinity conformation is favored in monomers. We derive equations for calculating polymer concentrations, subunit conformations,
and the apparent affinity of subunits for polymer ends. Certain combinations of equilibrium constants produce the sharp critical
concentrations characteristic of cooperative polymerization. In these cases, the low-affinity conformation predominates in
monomers, whereas virtually all polymers are composed of high-affinity subunits. Our model predicts that the three routes to
forming HH dimers all involve unstable intermediates, limiting nucleation. The mathematical framework developed here can
represent allosteric assembly systems with a variety of biochemical interpretations, some of which can show cooperativity, and

others of which cannot.

INTRODUCTION

Cytoskeletal polymers contribute to cell shape, movement,
and force production. In eukaryotes, regulated polymer nu-
cleation dictates where new polymers form in the cell. Both
actin and microtubules assemble cooperatively, meaning that
the nucleation of new polymers is energetically unfavorable
relative to the elongation of preexisting polymers. Nucleation
factors help overcome the energetic barrier to de novo poly-
mer formation. Thus, by regulating where nucleation factors
are active, cells can restrict polymer formation to appropriate
locations.

In recent years, prokaryotes were found to possess cyto-
skeletal structures composed of actin and tubulin homologs
(1-3). FtsZ is the bacterial homolog of tubulin, and uses
guanine nucleotides to assemble into polymers resembling
microtubule protofilaments. Like tubulin, FtsZ appears to
assemble cooperatively (4—10). However, the traditional bio-
chemical model used to explain the cooperative assembly of
actin and tubulin cannot be applied to FtsZ, suggesting that a
new model for cooperativity is needed.

Traditional polymerization models require nucleated, co-
operative polymers to be multistranded, whereas single-
stranded, linear polymers were thought in all cases to assemble
noncooperatively (11,12). (The term ‘‘helical’’ has also been
used to describe multistranded polymerization, whereas linear
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assembly is also called isodesmic polymerization.) In coop-
erative polymerization, assembly occurs in two stages: an
unfavorable nucleation phase, followed by a more favorable
elongation phase. In multistranded polymers, the affinity of a
subunit for the end of a polymer is higher than the affinity of
two monomers for each other, because when a subunit adds to
a polymer, it can interact with several other subunits simul-
taneously (Fig. 1 B). In contrast, isodesmic polymerization
means that the affinity of a subunit for a polymer end is in-
dependent of the length of the polymer. Single-stranded
polymers were thought to assemble isodesmically, because
identical interfaces form between subunits, whether they are
assembling into dimers or elongating polymers (Fig. 1 A).

In cooperative polymerization, the nucleus can be defined
as the smallest species for which elongation is more favorable
than disassembly (13). Nucleation is difficult because one or
more unstable species must form before the nucleus can form.
These unstable species are exceedingly rare, and act as bot-
tlenecks against the formation of new polymers. In multi-
stranded polymerization, these rare species consist of all
oligomers smaller than the nucleus. For isodesmic polymers,
on the other hand, no bottleneck occurs during assembly.
Dimer formation is energetically identical to polymer elon-
gation, and small oligomers are not rare.

Cooperative polymers exhibit several other characteristics
that can be readily detected. First, nucleated polymers have a
critical concentration for assembly. The critical concentration
is a threshold subunit concentration, below which subunits
will not assemble into polymers, and above which virtually
all additional protein will polymerize (Fig. 1 C, black lines).
In contrast, in isodesmic systems, some polymers will as-
semble even when the monomer concentration is not at its
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FIGURE 1 Traditional polymerization models. (A) Isodesmic assembly of

single-stranded polymers. A single association constant, K, describes both
dimerization and polymer elongation. (B) Cooperative assembly of multi-
stranded polymers. Cooperativity occurs because nucleation (here, dimer
formation) is less favorable than polymer elongation (K, < K.). (C)
Cooperative assembly has a sharp critical concentration, whereas isodesmic
assembly does not. Black lines, cooperative assembly; gray lines, isodesmic
assembly. (Solid line) protein in polymer at equilibrium; (dotted line)
monomer concentration at equilibrium; (dashed line) maximum possible
monomer concentration at equilibrium. Note that in both types of assembly,
the monomer concentration approaches a maximum value, but for isodesmic
assembly, approaching this limit requires a higher total protein concentra-
tion.

maximum. As total protein concentration is increased, the
equilibrium polymer and monomer concentrations can rise
simultaneously (Fig. 1 C, gray lines).

Another characteristic of nucleated polymerization is the
presence of concentration-dependent lags during initial po-
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lymerization kinetics. During the lag-phase, nuclei accumu-
late. The lag phase is followed by a growth phase, in which
the formation of new nuclei is rare, but preexisting polymers
continue to elongate. Isodesmic assembly has no lag phase,
and new polymer formation is most rapid at the start of as-
sembly, when the greatest concentration of free subunits is
available.

FtsZ assembly cannot be fully described by either of the
above models. Unlike tubulin, FtsZ can polymerize into lin-
ear, single-stranded polymers equivalent to tubulin protofil-
aments; these protofilaments are stable in the absence of any
lateral interactions (14—16). In the presence of GDP, FtsZ
assembles into linear polymers with nearly isodesmic prop-
erties (15), in keeping with standard polymerization models.
However, GTP-containing FtsZ protofilaments were found to
assemble cooperatively (4,9,10). Cooperativity was first ob-
served as a sharp critical concentration for assembly and for
GTP hydrolysis, which acts as an indirect measure of FtsZ
assembly (4—10). More recently, Chen et al. (9) and Chen and
Erickson (10) developed the first truly quantitative methods
for following FtsZ polymerization kinetics, and found that
FtsZ exhibits concentration-dependent lags under conditions
in which polymers are single-stranded. The hydrolysis of GTP
cannot play an essential role in this behavior, because coop-
erativity was observed even in the absence of hydrolysis (9).

The assembly kinetics of FtsZ suggest that polymerization
involves a dimer nucleus. The concentration-dependent lags
of FtsZ could be closely fit by a mechanism first used to
model actin assembly (17,18). In the actin model, a first-order
monomer activation step is followed by a second-order re-
action in which two activated subunits form an unstable di-
mer. Only after dimerization does subsequent elongation
become favorable.

Though the actin mechanism fits FtsZ’s assembly kinetics,
it is physically insufficient to explain the behavior of single-
stranded, linear polymers such as FtsZ (9,10). For trimer
interfaces to be more stable than dimer interfaces, a subunit
must somehow be affected by the presence of a protein to
which it is not primarily bound. This can be readily explained
in helical polymers (or in multistranded polymers, which are
versions of a tight helix). In helical polymers, subunits farther
along the chain can twist around to make direct contacts with
anew subunit being added to the end of the polymer (Fig. 1 B).
In strictly linear polymers, such communication at a distance
is less easy to explain, and any information on the poly-
merization state would need to be passed directly through
nearest-neighbor subunits.

One explanation might be that FtsZ polymers are not truly
linear. Gonzalez et al. found evidence that long FtsZ poly-
mers can circularize to produce cooperativity (19). They
used analytical ultracentrifugation to monitor the size of FtsZ
polymers at various protein concentrations, and found that at
high concentrations, smaller structures (<10 Svedbergs)
were less prevalent than larger ones (=12 Svedbergs), and
that FtsZ protofilaments appeared by electron microscopy to
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circularize when they reached lengths of 50-200 subunits.
However, this effect cannot explain the cooperativity seen by
Chen et al. (9) and Chen and Erickson (10), in which poly-
mers do not circularize, and the apparent nucleus size is two.
More recent results confirm that cooperativity persists when
protofilaments are not circularized (20).

Another possibility is that within linear FtsZ polymers, a
binding event on one side of a subunit can influence the
conformation of the binding surface on the opposite side of
the protein. Several groups recently proposed such a model,
along with a brief thermodynamic analysis (3,20-22). We
present a more comprehensive model and analysis for allo-
steric cooperative polymers in which conformational changes
alter the affinity between subunits. We use methods from
matrix algebra to analyze the equilibrium behavior of the
model. Our mathematical framework can represent allosteric
polymerization systems with a variety of biochemical inter-
pretations, some of which can show cooperativity, and others
of which cannot.

THEORY

In our model for linear polymerization (Fig. 2 A), subunits convert between
two different conformations. Subunits in either conformation can polymer-
ize, but they do so with different affinities: ‘‘L’’ subunits associate with low
affinity (Fig. 2 A, circles), whereas ‘“H’’ subunits associate with high affinity
(Fig. 2 A, squares). Note that the L and H conformations do not necessarily
represent GDP- and GTP-bound FtsZ; FtsZ can exhibit cooperative po-
lymerization even in the absence of GTP hydrolysis (9). Instead, L and H
represent different conformations of a single chemical species, and the two
conformations are in equilibrium with each other. We call the equilibrium
constant for the conformational change in monomers K¢,

The two types of monomer can associate to form four types of dimers (LL,
LH, HL, and HH), with four independent association constants (Ky, Ky g,
K1, and Kyypp). We assume that two H monomers have the highest affinity
for each other (Kyy > Kyn, Kur, and Kpp). If a polymer is asymmetric or
“‘polar,” the two ends of a subunit will not behave identically. The two ends
of cytoskeletal polymers are often called the plus and minus ends; here we
arbitrarily define an LH dimer as having the L subunit at its plus end. If an L
subunit binds to the plus end of an H subunit with a different affinity than it
binds to the minus end, Ky i will not equal Ky .

Association constants for polymer elongation are assumed to be identical
to those for dimerization. Thus our model differs from multistranded po-
lymerization in that subunit affinity does not depend on the length of the
polymer being elongated. Affinities depend only on the conformation of the
subunit at the end of a polymer, and on the conformation of the monomer
joining the chain.

For polymer assembly to be cooperative, the initial formation of a dimer
from two monomers should be unfavorable. Monomer interactions will be
weak if the majority of monomers are in the L conformation. Thus, in co-
operative polymers, the L conformation must be inherently more stable than
the H conformation (K¢ < 1). However, for polymers to be stable and for
elongation to be favorable, subunits in polymers should change from L to H.
Changing to the H conformation will occur in polymers if the opportunity for
increased interactions with neighboring subunits can compensate for the
energetic cost of changing conformations.

Calculations used to detect cooperativity

We wanted to determine whether a polymerization system could exhibit the
properties described above and show nucleated assembly. The presence of a
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FIGURE 2 Models for allosteric linear polymerization. (A) Generic allo-
steric model for assembly of single-stranded polymers. Subunits can switch
between two conformations that associate with different affinities. The five
independent equilibrium constants are shown in black. () Monomer activa-
tion, followed by isodesmic assembly. In this version of the model, only H
monomers are competent for assembly (Ky = Kpg = K = 0). (C) Only
one end of the subunit changes conformation. Here, heterodimers with
different polarities have different affinities, such that Ky, = Kyy whereas
Ky =K.

sharp critical concentration was used as an indicator of cooperativity. To
detect the existence of such a critical concentration, we determined the
concentration of subunits in polymers and monomers as a function of total
protein concentration. Our calculations parallel those of the classic analysis
of isodesmic polymerization by Oosawa and Kasai in 1962 (11). In Table 1,
the terms and expressions used for the isodesmic case are shown on the left,
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Expressions used to determine the presence of a critical concentration

Isodesmic polymers*

Allosteric linear polymers

Chemical reactions

Z) FZy1 S 2y

Terms in chemical reactions
Polymers of length n

Monomers

Equilibrium constant(s)
for assembly

Concentration calculations
Polymers of length n

KA = zn/z120-1

Kc
L<H
Ka Ko Kin +
L+ LX, & LLX, L+HX, < LHX,

Kuo Kun
H+ LX, & HLX,, H+HX, < HHX,

_ Lanl
7= (i)
L
H =KcL

K, — KL Kin
KwmKc KnnKc

z, = the sum of entries in Z,, where

Zn = Kaz12n-1

eg.7p = KAZ%
z3 = Kaz12p = K/Z\z?

=Ky 2 = (KAZ|)"7121

Subunits in polymers of length n

@

nz, = I’l(KAZ])nilZ]

> Zn = KaLZy 4

Z, = (KoL) 'Z4

nzy = the sum of entries in n(KyL)"™'Z,

Total protein* Zo = Z n(Kaz)" 'z, z, = the sum of the entries in Z,, where
n=1
= (1 — Kaz1) 2z Zo = Y n(KsL)"'Zy
n=1
=1 - KuL)?Z¢
Subunits in po]ymers* p= Z n(Kaz)" 'z p = the sum of entries in P, where
n=2

= (—1+ (1 = Kaz) )z

Total monomers*

Maximum monomers at equilibrium* 7 = 1/Ka z¥ =

P= ) n(Kal)"'Z,
n=2

= (140 - KaL) HZ;
z1=L+ H=L( + K¢)

o 2(1+Kc)

- B 172
' Kl,l,+KHHKC+((Kl_l_—KHHKC)L +4KHLK|_HKC)

For more detailed definitions and derivations, see Appendix.
*Based on Ossawa and Kasai (11).

tx represents a subunit whose conformation is unspecified, X, a chain of such subunits, LX,, the class of polymers that have an L subunit at the plus end, and

LLX,, the class of polymers with two L subunits at the plus end.

*Four expressions are used to create critical concentration graphs such as those in Figs. 1, 3, and 5: total protein (z,), subunits in polymer (p), total monomer

(z1), and maximum monomer at equilibrium (z{").
*I is the identity matrix.

with the parallel terms and expressions for our allosteric model shown on the
right. (Note that all analyses refer to reactions at equilibrium.) More detailed
definitions and derivations appear in the Appendix.

In isodesmic polymers, subunits assemble into linear chains with a single
association constant K5, no matter the length of the polymer. Table 1 (leff)
shows how the total protein concentration (z,) and the concentration of
subunits in polymers (p) can be calculated from the monomer concentration
(z1) and K. First, the concentration of polymers of any length (z,) can be
determined from their equilibrium with polymers one subunit shorter (z,_1).
Because the concentration of dimers is related to that of monomers, the
concentration of trimers is related to that of dimers, the concentration of
tetramers is related to that of trimers, etc., we can bootstrap our way to de-

termining the concentration of polymers of any given length, based only on
the monomer concentration and the equilibrium constant K. Next, to de-
termine the concentration of subunits in such polymers, one needs to multiply
the concentration of polymers by their length n. For example, for every 1 uM
of trimers, there are 3 uM of subunits in these trimers. Finally, the total
protein concentration is the sum of subunits in species of every possible
length. The concentration of subunits in polymers is the sum for species the
size of a dimer and larger.

Parallel calculations can be performed for our allosteric model (Table 1,
right). However, in our model, there are four possible elongation reactions
with four different association constants. Matrices provide a convenient way
to analyze all four reactions simultaneously. The four association constants
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are stored in a 2 X 2 matrix K,, whereas Z,, represents 2 X 1 vectors that
store the concentration of polymers of a particular length, separated into two
polymer classes, depending on whether the subunit at the plus end is an L or
an H. Using this formulation, we input the five equilibrium constants and a
series of L monomer concentrations to determine whether a particular po-
lymerization scheme will have a sharp critical concentration.

The apparent affinity for polymer ends and the
maximum monomer concentration at equilibrium

In cooperative polymerization systems, the critical concentration represents
not only the minimum protein needed for polymers to form, but also the
maximum concentration of monomers that can exist in solution at equilib-
rium (Fig. 1 C). The value of the critical concentration is determined by the
affinity of monomers for polymer ends (12). Although noncooperative sys-
tems do not have a sharp threshold for polymerization, they still have a
characteristic maximum monomer concentration at equilibrium (Fig. 1 C),
and this concentration is similarly determined by the affinity of subunits for
polymer ends. We call these values K., for the apparent association constant
for elongation, and z;* for the maximum monomer concentration at equi-
librium. They are inversely related, such that z;* = 1/K,.

For isodesmic polymers, the maximum monomer concentration at equi-
librium is determined solely by K, the single association constant between
subunits. For the allosteric model, the maximum monomer concentration is
determined not by a single chemical reaction but by a weighted average of the
different reactions that can occur at the end of a polymer. Its value therefore
depends on all five equilibrium constants, Ky, Ky, Ky, Kup, and Kc.
Table 1 shows the expression for z;* in the allosteric model; this expression
was determined based on the fact that the monomer concentration approaches
a maximum value as the total protein concentration approaches infinity (see
Appendix for the derivation). The expression for z;° given in Table 1 applies
to any version of the allosteric model, whether it is cooperative or not.

For cooperative versions of the allosteric model, the apparent association
constant for polymer ends is K. = KcKyy. We will show that polymerization
is cooperative only if Kc < 1 and Kygy > K11, KLy, and Kyr.. Under these
circumstances and assuming that KcKyy > K, the expression for z;°
shown in Table 1 reduces to

z, & 1/KcKyu(= the critical concentration). €))

The critical concentration thus depends only on the energetic cost of a
subunit changing conformations (Kc) and the energetic benefit of forming a
strong interface between H subunits (Kyp).

RESULTS

The allosteric polymerization model can exhibit
different degrees of cooperativity

We investigated which versions of our allosteric polymeri-
zation model could exhibit the sharp critical concentrations
that are the distinguishing hallmarks of cooperative polym-
erization. We varied the five equilibrium constants and used
the expressions shown in Table 1 to determine how monomer
and polymer concentrations depend on total protein con-
centration.

To determine which combinations of parameters would
produce the most cooperative assembly, the five equilibrium
constants were systematically varied. We started with an
isodesmic system in which all five equilibrium constants = 1.
Each parameter was then increased or decreased by an order
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of magnitude, both individually and in all combinations. As
predicted, the greatest cooperativity resulted when Kyy was
as large as possible, and K¢, K 1, K1 iy, and Ky were as small
as possible (Fig. S1 A in Supplementary Material, Data S1).
In a cooperative system, monomers should not associate
easily, and thus should primarily be in the low-affinity con-
formation (K¢ < 1). In contrast, subunits in polymers should
be in the high-affinity conformation, to associate strongly
(Kun > Ky 1). It will be shown that not only K7 ; but also both
K1y and Ky, must be small for a system to be cooperative
and nucleation to be unfavorable relative to elongation.

We next varied the equilibrium constants over a wider
range. To simplify the analysis, we defined all five variables
in terms of a single parameter, . K¢, K1 1, K1 1y, and Ky, were
set equal to ¢, whereas Ky was set equal to 1/e. For each
parameter combination, the concentrations of subunits in
polymers and monomers were plotted relative to the total
protein concentration (Fig. 3 and Fig. S1 B in Data S1).

With appropriate parameters, the model can achieve vir-
tually ideal cooperativity. In Fig. 3, the least sharply curved,
light gray lines at the center of the plot correspond to iso-
desmic polymerization, where ¢ = 1. As the value of ¢ ap-
proaches zero, the assembly shows increasingly sharp critical
concentrations (darker black lines). Note that for all systems,
as the total subunit concentration increases, the equilibrium
monomer approaches its maximum possible value, z;°.

Relative abundance of different polymer species

For a polymerization system to be cooperative, one or more
species at the start of the polymerization pathway must be
extremely unstable and vanishingly rare, creating a bottle-
neck en route to the formation of stable nuclei and long

rprTe T e vy
Py

Monomer or Polymer
(1M subunits)

Total Protein (uM)

FIGURE 3 Conformational changes can produce cooperativity in single
stranded polymers. (Solid line) p, protein in polymer at equilibrium; (dotted
line) z;, the monomer concentration at equilibrium; (dashed line) z;°, the
maximum monomer concentration. Lines from lightest gray to darkest
black:e=1,1X 1072, 1 X 10~ and 1 X 10~°, where Ky = 1/¢ and K¢,
K11, Kin, and Ky, = . When all association constants are identical (¢ = 1),
isodesmic polymerization results. When Ky is greater than all other
equilibrium constants (¢ < 1), a threshold for assembly emerges; the smaller
the value of ¢, the greater the cooperativity.
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polymers. For multistranded polymers such as actin or mi-
crotubules, small oligomers such as dimers or trimers are
unstable and rare (11,23-25). Only when oligomers reach the
size of the nucleus is assembly stabilized by the formation of
a high-affinity binding site for subunits (Fig. 1 B). For our
allosteric model, we wanted to determine which species are
unstable and could act as similar bottlenecks to the formation
of more stable polymers.

The abundance of all polymer species of length =4 was cal-
culated for several versions of the model with different equi-
librium constants. For each polymerization system, we first
determined the value of L when total protein z, = 10 uM. We
then calculated the concentration of other species from their
equilibrium with L subunits. For example, the concentration
of LH = KoKy 5L.>. MATLAB (The MathWorks, Natick, MA)
was used to generate results here and throughout this study.

As predicted, in the cooperative systems analyzed here,
most monomers are in the L conformation, whereas subunits in
polymers are in the H conformation. Table 2 lists the most
abundant species of each length (n = 4); the concentrations of
all species of length =4 are available in Table S1 in Data S1.

Dimers are abundant even in
cooperative systems

In contrast to multistranded polymerization, for cooperative
linear polymerization, short oligomers can be more abundant
than longer ones, such that z; > z, > z3 > z, (Table 2 and
Table S1 in Data S1). This result holds for all the cooperative
systems modeled here, meaning that the rarity of small oli-
gomers is not a diagnostic characteristic of cooperativity for
allosteric linear polymers. However, particular subclasses of
both monomers and dimers are in fact quite rare in cooper-
ative systems. In all versions of the model that exhibit a sharp
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critical concentration, H monomers and heterodimers (LH or
HL) are unstable and therefore rare (Table S1 in Data S1). It
will be seen that HH dimers form the nuclei in these coop-
erative systems. To form an HH dimer, H monomers and/or
L/H heterodimers must form first, and these unstable inter-
mediates limit the rate of nucleation.

The finding that small oligomers are more abundant than
larger ones does not hold for all versions of the model. For
instance, one can represent a system in which LH heterodimers
assemble isodesmically to form (LH), polymers (K =
Kuu = 0; Ky > Kyp). In this case, z, > zq, and z4 > z3.
Assembly in this system is not cooperative (data not shown).

It should be noted that before the equilibrium polymer
length distribution is reached, the most abundant polymers
may be of intermediate length. The time to reach the final
equilibrium distribution of polymer species can be many
orders of magnitude longer than the time for the free mono-
mer concentration to reach its equilibrium value (26).

Cooperative conformational transitions
within polymers

In the cooperative systems modeled here, H,, polymers are
exceedingly stable relative to polymers containing even a
single L subunit. The L, polymers can be metastable, how-
ever, meaning that it is unfavorable for a single subunit
within an L;, polymer to change into the H conformation, but
once one has done so, it can trigger the rest of the polymer’s
subunits to follow.

These points are illustrated in Fig. 4 and Table 3, where we
examine conformational changes within trimers, using equi-
librium constants from the case of ¢ = 10~* (see Table 2 for
individual K., values). In Fig. 4, all eight possible trimer
configurations are shown, along with their equilibrium con-

TABLE 2 Most abundant polymer species in different versions of the model

Monomer
activation + Segregated Only one end
Isodesmic isodesmic assembly changes
Model assembly e=1x10"* assembly of L, and H, conformation
Cooperative? No Yes Yes Yes No
Equilibrium constants
Kc 0 1 x107* 1 x 107 1 x 107 1 x 107
Kip (uM™h 1 1x107* 0 1 x 107 1 x 107
Kig (uM™h 0 1x107* 0 0 1 x 107
Kun (M) 0 1 x 10* 1 % 10* 1 x 10* 1 x 10*
Ky (uM™h 0 1 x107* 0 0 1 x 10*
Most abundant species at equilibrium*Jr (uM)
Monomers L (0.73) L (1.00) L (1.00) L (1.00) L (0.73)
Dimers LL (0.53) LL (9.93 X 107) HH (9.93 X 107%) LL (9.93 X 107%) HL (0.53)
HH (9.93 X 107°) HH (9.93 X 107°)
Trimers L; (0.39) H; (9.90 X 107 H; (9.90 X 107°) H; (9.90 X 107°) H,L (0.39)
Tetramers L, (0.28) H, (9.87 X 107%) H, (9.87 X 107°) H, (9.87 X 107°) HsL (0.28)

*Results are calculated for 10 uM total protein.

tSpecies not shown are at least 100 times rarer than those of the same length shown above. The total concentration of polymers of each length is thus
approximately equal to the concentrations of the listed species. Concentrations of all polymer species length =4 are available in Table S1 in Data S1.

Biophysical Journal 95(5) 2470-2486



2476

LLL
(1x108 uM)

(1) ,/7 4) TL \(7)
HLL LHL LLH
(1x10°12 pM) (1x10-12 uM) (1x10-12 uM)

@ 1L ) WL <8>1L
HHL LHH HLH
(1x10°8 uM) (1x108 uM) (1x10-16 uM)
(3)\«3) 1L / ©
HHH
(1x104 uM)

FIGURE 4 Conformational changes within trimers. The eight possible
trimer configurations are shown, along with their equilibrium concentration
when ¢ =1 X 10~* and total protein = 10 uM. L; trimers can convert to H;
trimers via three possible pathways. H; trimers are the most stable species,
but L; trimers are metastable. See Table 3 for more information.

centrations at 10 uM total protein. For the parameters se-
lected, H; trimers are four orders of magnitude more abun-
dant than any other species. Although Lj trimers are much
less abundant than Hj trimers, they are more abundant than
polymers with only a single H subunit. If a single subunit in
an L3 polymer changes into an H, it experiences all the en-
ergetic cost of the conformational change, without the com-
pensating benefits of forming strong interfaces.

Three possible pathways are shown by which an L; trimer
can convert into an Hj trimer (Fig. 4, Table 3). Although it is
unfavorable for a single subunit in the trimer to convert to an
H (reactions 1, 4, and 7), once the first subunit has done so,
conversion of its immediate neighbors also becomes favor-
able (reactions 2 and 5). In this way, the change of a single
subunit to the H conformation might trigger an entire L,
polymer to change conformation and become an H;, polymer.

TABLE 3 Conformational changes within trimers

Keg*T

Generic model e=1X 1074

Net reaction

LLL < HHH K2 Kiy/ Kh 1 x 10*
Three possible pathways

Ll S aie Sune S ann (1) KK /K11 1x107*
() KKm/KiL 1 x 10*

(3) KcKun/Kur, 1 x 10*

@) (5) ©) ) 4
LLL <LHL <LHH <HHH (4) KcKuKuL /K7, 1 X 10
(5) KcKun/Kuw, 1 x 10*

(6) KcKyn/Kin 1% 10*

) (8) ) .
LLL < LLH <$HLH <HHH (7) KcKiu/KiL 1% 10

(8) KK /K11 1 x 10

9) KcKyy /KL Kiu 1 X 10'?

*Individual equilibrium constants are those given in Table 2.
TEquilibrium constants are dimensionless.
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Nucleation versus elongation: Net energetics

The formation of an HH nucleus is not as energetically fa-
vorable as the elongation of an H,, polymer. Because species
other than L monomers and H,, polymers are rare (Table 2),
we can assume that nucleation and elongation occur pre-
dominantly through the net reactions L + L <+ HHand L +
H, < H,4,, respectively. Both reactions involve reactants
that are relatively abundant. However, nucleation is propor-
tional to KZKpy, whereas elongation is proportional to
KcKymn (Table 4). Nucleation is therefore less favorable by a
factor of K¢, and since in cooperative systems K¢ < 1, this
difference can be quite large.

It is helpful to think of the equilibrium constants in terms of
the chemical reactions they represent: K is related to the en-
ergetic cost for a subunit to change into the H conformation,
whereas Ky is related to the energetic benefit of then being
able to form more stable polymer interfaces. During nuclea-
tion, the energetic cost of converting two L subunits into two H
subunits is only compensated for by the formation of a single
stable H-H interface. In contrast, during polymer elongation,
the formation of an H-H interface requires only a single sub-
unit to convert into the H conformation. Because subunits at
the ends of polymers are already held in the H conformation,
adding a subunit to a preformed polymer has the same benefit
but fewer costs than nucleating a new polymer.

The net elongation reaction shown in Table 4 is consistent
with our mathematical analysis of the critical concentration
described in Eq. 1. and in the Appendix. The critical con-
centration will be equal to the apparent dissociation constant
for monomers from polymer ends, or 1/KcKyy.

The result is a polymer with extremely strong internal in-
terfaces (K.q = Kyp), moderate interactions at polymer ends
(Keq = KcKyn), and weak initial interactions between mono-
mers (K.q = Kyp). These properties mimic those seen in
multistranded polymers such as actin and tubulin. Coopera-
tivity is related to K,/K,, with smaller values of K, /K. repre-
senting greater cooperativity (12,13,27). Here, cooperativity =
K%KHH /KcKuy = Kc. The cooperativity of polymerization
therefore depends only on the energetic cost of the extra sub-
unit changing conformations. (This is an approximation that
applies to the most cooperative systems; see the Appendix for
a more general definition of cooperativity.)

Nucleation versus elongation:
unstable intermediates

A second way to understand why nucleation is unfavorable
relative to elongation is to examine the intermediates that
form in the different reaction pathways (Table 4). Several
possible pathways can lead to the formation of an HH nucleus
or to the elongation of an H, polymer. Which particular
pathway will dominate during polymerization will depend on
the specific equilibrium and rate constants chosen. Although
both nucleation and elongation require the formation of un-
stable intermediates, in all cooperative cases, the nucleation
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TABLE 4 Nucleation and elongation pathways for cooperative systems

Keg*
Monomer activation +
Generic model e=10"% isodesmic alssemblyJr
Nucleation
Net reaction L+L«<HH K2Kup 10 107
PathwaysiF ’ .
(a) (b) () 4 4
nl))L+L<L+H<+H+H+HH (a) K¢ 10 10
(b) K¢ 1074 1074
(©) Kun 10* 10*
(a) (b) (c) 4 4
n2) L+L <L +HeLH/HL <HH (a) K¢ 10 10
®) K 10°* 0
@ o © (¢) KcKun/Kim 10*
n3) L +L <LL <LH/HL <HH (a) Kio 1074 0
(b) KcKym/Ki 107
(©) KcKun/Kim 10*
Elongation
Net reaction L + H, & H,, KcKyn 1 1
Pathways*
(a) (b) 4 4
el) L+H, ©H+H, < H,+ (a) K¢ 10 10
(a) (b) (b) Kun 10* 104
€2) L+H, <LH,/H,L <H,:, (@ Kun 104 0
(®) KcKin/Ki 10"

P . . . . . . -1
*Equilibrium constants for unimolecular reactions are dimensionless; those for bimolecular reactions are uM™ .

HIndividual equilibrium constants are those given in Table 2.
*Underlined intermediates are unstable and rare.
SKim = Ken + K

pathways include more unfavorable steps than do the elon-
gation pathways.

During nucleation, an HH dimer can be formed from two
L monomers via the three possible routes shown in Table 4. The
three pathways are: nl), two monomers first simultaneously
change into the high-affinity conformation and then collide,
n2), only one of the two subunits changes conformation before
the dimer forms, and n3), an LL dimer forms before either of the
two subunits have converted into the H conformation. In co-
operative systems, formation of the intermediates underlined in
Table 4 is unfavorable, whereas the last step in the pathway, the
formation of an HH dimer from these unstable intermediates, is
favorable. Thus although monomers and dimers are abundant
as a group, specific subclasses of monomers and dimers that
precede the formation of an HH nucleus are unstable and act as
bottlenecks to polymerization.

Elongation uses similar pathways as nucleation, requiring
an unfavorable step to precede the favorable formation of an
H,+ polymer (Table 4, el and e2). However, because the
subunit at the end of the polymer has already changed con-
formation, one unfavorable step that was necessary for a
nucleation pathway is not necessary for the equivalent
elongation pathway. As a result, the rate-limiting steps during
elongation are less restrictive than those during nucleation.

Can other versions of the model be cooperative?

We next consider whether other parameter combinations can
exhibit cooperativity. Up to this point, we have forced the

equilibrium constants to be related by the factor e, where Ky =
1/¢, and the other four equilibrium constants = ¢. We now
discard this constraint and test several variations of the
general model (Table 2 and Fig. 5). We find that a system will
be cooperative as long as nucleation requires an unfavorable
reaction that is not necessary for elongation. This unfavorable
reaction is, in general, an extra conformational change that is
necessary for two subunits to form a stable dimer, but un-
necessary for a single subunit to add to the end of a polymer.

Isodesmic assembly

Our polymerization framework can be used to model simple
isodesmic polymerization. Here we set all equilibrium con-
stants other than Ky equal to zero (thus K¢, Ky, Ky, and
Ky = 0). As expected, because dimer formation is ener-
getically identical to polymer elongation (Fig. 1 A), this
system does not show a sharp critical concentration (Fig.
5 A). Isodesmic polymerization can also be realized in other
ways, e.g., by setting K11, = Kr g = Ky = Kugn (Fig. 3).

Monomer activation followed by
isodesmic assembly

In contrast, cooperativity can emerge from a variation of
isodesmic polymerization in which a monomer activation
step must precede polymerization (Fig. 2 B). In this model, L
monomers are abundant but are completely incapable of as-
sembly, so that polymerization is only possible after a subunit
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FIGURE 5 Determining which versions of the model exhibit cooperativity. (Solid line) p, protein in polymer at equilibrium; (dotted line) z;, the monomer
concentration at equilibrium; (dashed line) z;°, the maximum monomer concentration. (A) Isodesmic polymerization is not cooperative. (B) When & =
1 X 10~*, assembly is cooperative. (C) Monomer activation followed by isodesmic assembly is cooperative. (D) When L and H subunits assemble into separate
polymers, polymerization is cooperative. (E) When only one end of the subunit changes conformation, assembly is not cooperative. The results were generated
with MATLAB (The MathWorks, Natick, MA), using the equilibrium constants shown in Table 2.

has changed into the H conformation. This polymerization
mechanism was also recently analyzed by Huecas et al. (20).

To prevent L subunits from participating in polymeriza-
tion, we set K11, K1y, and Ky, = 0 (Table 2). This simplified
model now has only two relevant equilibrium constants, K¢
and Kyy. This version of the model produces a sharp critical
concentration, as long as K¢ is very small relative to Kyy
(Fig. 5 O).

Here again, cooperativity emerges because of the energetic
difference between nucleation and elongation. The only
routes to forming a dimer nucleus or to elongating a polymer
are vianl and el in Table 4. As above, during nucleation, two
subunits must change to the H conformation, whereas during
elongation, only one subunit must do so. As a consequence,
there is a factor of K¢ difference between the equilibrium
constants for the two reactions (20).

Segregated assembly of L, and H, polymers

In a related variation of the model, L subunits can associate
weakly with other L subunits, but mixed polymers cannot
form. (i.e., 0 = Ky = Ky, but 0 < Ki | < Kyy, Table 2).
Here, if a reaction starts with all proteins in the L form,
subunits in small L, oligomers will need to dissociate and
change conformation before they can assemble into stable H,
polymers. As long as K¢ and Ky are small relative to Ky,
this system will also exhibit cooperativity (Fig. 5 D).

Conformational changes at only one end of
the subunit

Occasionally, allosteric models for cooperativity have been
depicted in which only one end of the subunit changes con-
formation (3). However, we found that if a conformational
change affects only one end of a polymer subunit, assembly
cannot be cooperative. Using an independent method of
analysis, Erickson also achieved this result (H. P. Erickson,
Duke Univesity Medical Center, personal communication,
2007). In this version of the model (Fig. 2 C), an H subunit
can associate tightly with the plus end of an L subunit, but not
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with the minus end. Thus Ky, = Kyy, whereas Kjy = Ky
(Table 2). Our analysis shows that such a model does not
produce sharp critical concentrations (Fig. 5 E).

The lack of cooperativity can be understood by examining
the relative abundance of different species at equilibrium
(Table 2 and Table S1 in Data S1). The most abundant dimers
and polymers contain a single L subunit at their minus end.
At this end of the polymer, the energetic advantage to
forming a stable interface can be gained without the cost of
changing the terminal subunit to the higher-energy H con-
formation. (At the other end of the polymer, a more stable
interface is only achieved when the terminal subunit has
changed to an H.)

This system does not show cooperativity because at all
steps, nucleation reactions are energetically identical to elon-
gation reactions. These reactions are different from those in
Table 4 in that the pathways end with the formation of an H,L
polymer. Because Ky = Ky, the following nucleation and
elongation pathways are energetically identical:

nucleation
KL KcKnL/KiL
L+L<LL < HL, K,=KcKy 2)
elongation
KL KcKun/KiL
HL+L< HLL < H, L K =KKuy 3)
as are a second pair of pathways:
nucleation
Kc KL
L+LeH+L< HL, K,=KKy 4)
elongation
KcKun/KnL Kur
HL+L < HH+L< H, L K.=KKuy 5

In all cases, the net reactions for nucleation and polymeriza-
tion occur with the same equilibrium constant, K, = K, =
KcKyr, = KcKgg. Similarly, the intermediates that occur
during nucleation are exactly as stable as those that occur
during elongation (reactants convert into intermediates with a
K.q = Ky in Egs. 2 and 3, and K in Egs. 4 and 5).
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Stability of mixed L/H interfaces affects the
degree of cooperativity

Similar analyses to those above show that if all L/H interfaces
have a high affinity regardless of polarity (e.g., Ki 1 < Kig=
Ky, = Kun), assembly will not be cooperative. Polymers will
contain of a mixture of L and H subunits, although no two L
subunits will be adjacent to one another (data not shown).

Alternatively, if mixed interfaces have an intermediate
affinity (e.g., Ki 1 < Ky = Ky = KcKyn), subunits at the
ends of polymers can be a mixture of L and H subunits,
whereas internal subunits will remain entirely H. Coopera-
tivity will be reduced in proportion to the appearance of L
subunits at polymer ends (data not shown). As described
above, if L subunits are stable at the ends of polymers, then
L/H heterodimers will also be stable, making dimerization
and elongation energetically equivalent. (See the Appendix
for the quantitative relationship between cooperativity and
L/H heterodimer stability.)

Conformational changes that occur only in
longer polymers

In the cooperative systems explored so far, subunits in dimers
are likely to change into the H conformation (Table 2).
However, polymerization systems can exist in which subu-
nits in dimers remain in the L conformation and only change
to the H conformation in trimers or larger polymers. In these
cases, the apparent nucleus size will be larger than a dimer
(data not shown).

Because the concentration of HH dimers is proportional to
K%KHH, whereas the concentration of LL dimers is propor-
tional to K7, HH will be more abundant than LL whenever
K2Kyn > Ki1 (HH willequal LLif Ky = K2Kyn, as seen
for several systems in Table 2). Subunits will change to the
H conformation in trimers, but not in dimers, whenever
KiL >KéKHH (LL is more abundant than HH) but KI%L<
K2 K%y (Ls is less abundant than Hs).

More generally, subunits in polymers of length n will
change into the H conformation only when the total benefit
of forming n — 1 polymer interfaces outweighs the cost of
n subunits changing conformation ((Kpp/ KHH)[“1 <Kp).
Note that in cooperative cases, subunits will change confor-
mation in a concerted manner, so that individual polymers
will tend to have a uniform subunit conformation, either L, or
H,. Whenever small L, oligomers are stable, cooperativity
will be reduced (see the Appendix). Similarly, polymers with
mixed subunit conformations can be produced if L/H inter-
faces are strengthened, but cooperativity will again be di-
minished.

DISCUSSION

We have developed an allosteric model for polymerization
that can allow linear, single-stranded polymers to assemble
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cooperatively. In this model, polymer stability is determined
not by the size of an oligomer but by the conformation of its
subunits. We used matrix algebra methods to calculate the
concentrations of different polymer species at equilibrium.
This analysis allows us to determine whether there is a sharp
critical concentration for assembly, and also which nuclea-
tion and elongation pathways might dominate for a particular
system.

In cooperative systems, monomers are largely in the low-
affinity conformation, whereas subunits in polymers are
largely in the high-affinity conformation. During polymeri-
zation, the thermodynamic price of changing to the higher-
affinity conformation must be paid for by the benefit of
forming a more stable interface. Dimers gain this benefit only
if both subunits change conformations. Unstable intermedi-
ates precede the formation of the first favorable H-H interface,
making nucleation kinetically difficult. However, once an HH
nucleus has formed, the assembly of additional subunits be-
comes more favorable, both thermodynamically and kineti-
cally. Subunits in preformed polymers are already in the
H conformation, so that polymer elongation requires only
a single subunit to undergo an unfavorable conformational
change. Thus a smaller price is paid for the benefit of forming
a stable interface at the ends of polymers than in dimers.
Huecas et al. found similar results for one specific polymer-
ization pathway (20).

Our allosteric model produces many of the characteristics
of nucleated, multistranded polymers. It can produce sharp
critical concentrations for assembly. Associations between
individual monomers are weak, whereas those between sub-
units and polymer ends are of moderate affinity, and associ-
ations at the center of a polymer are quite strong. As a result,
dynamics would be predicted to occur primarily at polymer
ends, whereas polymer fragmentation should be relatively
rare. The existence of unfavorable steps at the start of po-
lymerization suggests that these systems will also show the
kinetic lags typical of cooperative assembly. Another tradi-
tional characteristic of multistranded cooperative assembly,
i.e., that the smallest oligomers are quite rare, appears to be
missing from the allosteric model, where even dimers are
abundant. However, this discrepancy is deceptive. In the
model presented here, there are several types of monomers
and of dimers, and subcategories of these species (H, LH, and
HL) form the rare and unstable intermediates through which
nucleation reactions must pass.

Advantage of the matrix method

The analytic framework developed here represents a general
solution for linear allosteric polymerization. It is quite ver-
satile; by changing the relative values of equilibrium con-
stants, we can simulate assembly systems with a variety of
biochemical properties. The use of matrices allows us to
analyze systems in which several types of elongation reaction
can occur simultaneously. We can therefore include the ef-
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fects of all possible association events without making any a
priori assumptions about the nature of the interactions be-
tween subunits or the assembly pathways that will dominate
polymerization.

This generic approach lets us resolve a seeming contra-
diction between two recent analyses of linear polymerization.
H. P. Erickson conducted an unpublished study of allosteric
linear polymers that cannot exhibit cooperativity (H. P.
Erickson, Duke University Medical Center, personal com-
munication, 2007). In contrast, Huecas et al. described con-
formational changes that do produce cooperativity (20). Both
previous studies made assumptions about the specific effect
that a conformational change will have on subunits’ interac-
tions. By limiting assembly to one type of elongation reaction,
these authors did not need to use matrix algebra. However, the
two studies represent different subcases of our more general
model, i.e., monomer activation + isodesmic polymerization,
which can produce cooperativity, and allosteric changes at
one end of the subunit, which cannot produce cooperativity.

Different biochemical mechanisms that the
model can represent

In agreement with the results of H. P. Erickson (Duke Uni-
versity Medical Center, personal communication, 2007), we
show that a conformational change must affect both ends of a
subunit for assembly to be cooperative. Data for tubulin
suggest that conformational changes do affect both ends of
each protein, as the angles of both interdimer and intradimer
interfaces change between the curved versus the straight
polymer conformations (28-31). However, proposals for
allosteric cooperativity have not always realized that con-
formational changes at both ends of a subunit are an essential
feature of the model (3).

A variety of different polymerization mechanisms can
produce cooperativity. For example, if pathways nl and el
dominate, a unimolecular activation step must occur before
assembly. This mechanism, which we call monomer activa-
tion + isodesmic assembly, is equivalent to that proposed by
Huecas et al. (20), and could resemble the salt-induced con-
formational changes necessary for actin polymerization
(17,18). In a related version of the model (segregated as-
sembly of L, and H,), the L subunits can associate, but only
with each other.

In a third version of cooperative polymerization, induced
conformational changes occur after a subunit adds to a poly-
mer. This mechanism resembles that proposed for amyloid
fibril growth (32-35). Amyloid subunits were found to as-
sociate reversibly with preformed fibrils, and then to change
to a “‘locked’’ conformation that can no longer readily dis-
sociate. Similarly, in our system, if polymerization occurs
through pathways n2 and e2, a subunit changes into the high-
affinity conformation only after associating with a preformed
H, polymer. The ability of neighboring subunits to influence
each other presents the interesting possibility that polymers
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may undergo concerted conformational changes. Cooperative
conformational changes have long been known to occur in
small oligomers such as hemoglobin, but only recently has
their propagation through larger protein arrays been consid-
ered (36). Here such concerted changes might produce be-
haviors that resemble the dynamic instability in microtubules.
Evidence for such concerted shape changes was seen in taxol-
stabilized tubulin protofilaments (37). The cooperative nature
of such transitions could delay conformational changes in
individual subunits until triggering events such as GTP hy-
drolysis occur in neighboring subunits, and would make the
degree of curvature in a polymer nonlinearly related to the
number of GDP-bound subunits.

The method developed here can readily be extended to rep-
resent the linear assembly of polymers in which subunits can
take on more than two conformations. The number of possible
conformations would determine the number of entries in the
matrices Z,, and K,, with each entry in K, representing equi-
librium between a particular type of monomer and polymer
ends. The calculation of the maximum monomer concentra-
tion at equilibrium (representing the critical concentration for
cooperative systems) and of other related properties would
proceed in a manner parallel to that presented here.

What might the L and H conformations represent?

Several kinetic experiments found that first-order reactions
precede the polymerization of Escherichia coli FtsZ
(9,10,14), but the character of these transformations is un-
clear. Assembly reactions are typically initiated by the ad-
dition of excess GTP to GDP-bound FtsZ, and it was
proposed that the initial GDP release may cause the unimo-
lecular lag in assembly kinetics (9,10). The rate of GDP
release from FtsZ (38) is similar to that of the observed first-
order reactions during assembly, but this alone may not be
enough to explain cooperativity with a dimer nucleus. Nu-
cleotide exchange will be favorable in the presence of excess
GTP, whereas cooperativity requires an unfavorable activa-
tion step. Alternatively, the first-order reaction may be caused
by the presence of weak GDP-FtsZ complexes or aggregates
that form at high protein concentrations and need to disperse
before polymerization can begin. When a nucleotide is added
to FtsZ, light-scattering signals can drop slightly before rising
again during assembly (14,39). This interpretation might be
represented by the segregated L,, and H,, version of our model.

An attractive possibility is that the H and L conformations
represent the straight and curved conformations favored by
polymerized GTP-FtsZ and GDP-FtsZ, respectively. Like
tubulin, the structure of FtsZ polymers depends on nucleo-
tides. FtsZ forms relatively straight, stable protofilaments
in the presence of GTP, and sharply curved, more labile
protofilament rings in the presence of GDP (3). Applying
our model, GTP- and GDP-bound FtsZ might access the
same two conformations, but to different extents (i.e.,
Kcppy < Kc@rpy < 1). As monomers, both forms of FtsZ
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would primarily exist in the low-affinity, curved conforma-
tion. For GDP-bound FtsZ, K- would be so small that
changing conformations would not be favorable even in
polymers, and the protein would assemble only in the low-
affinity conformation. This would result in weak isodesmic
polymerization, similar to what was observed for GDP-FtsZ
(15). When unassembled, GTP-FtsZ would take on the same
low-affinity conformation as GDP-FtsZ. However, the en-
ergetic barrier to conformational change would be lower, so
that when GTP-FtsZ polymerized, subunits would change
conformations, to be able to form high-affinity interfaces.

Other groups also proposed that the default conformation
for FtsZ and tubulin may be the curved subunit structure, and
that the main difference between the two nucleotide states
may be the energy barrier to changing to the straight con-
formation (41,42). This idea was prompted by the observa-
tion that virtually all crystal structures from the tubulin family
(tubulin, FtsZ, y-tubulin, and the BtuB proteins) show related
conformations and angled interfaces between associated sub-
units, regardless of the wide variety of nucleotides to which
they are bound (43—47). For tubulin, straight protofilaments
have only been observed in the presence of taxol (37), or when
protofilaments are stabilized by the lateral interactions in
microtubules and zinc sheets (48,49). The lateral interactions
between protofilaments in microtubules are thought to stabi-
lize the change to a straight conformation (42,43,49-51). In
the model presented here, improved contacts at the longitu-
dinal interface would also help stabilize the straight confor-
mation (an idea also suggested by Lowe et al. (52)).

Further data confirm that subunits bound to GDP versus
GTP can inhabit the same state. Under specific assembly
conditions, subunits polymerize isodesmically and with sim-
ilar low affinities, regardless of the nucleotide present. For
Methanococcus jannaschii FtsZ, this occurs at low temper-
atures (53); for tubulin, it occurs in the absence of magnesium
(41). Unlike tubulin, GTP-FtsZ can assemble fairly well in
the absence of magnesium, but cooperativity is increased by
an order of magnitude (9). This would be expected if the
absence of magnesium destabilizes the straight conforma-
tion, but not enough to prevent conformational changes from
occurring in polymers.

Data on polymer flexibility are also consistent with our
model. The curvature of FtsZ protofilaments bound to GTP or
its analog GDP-AIF, can vary significantly (16), whereas the
small GDP-bound FtsZ rings have very defined diameters
(54,55). This finding suggests that even in the middle of a
polymer, GTP-FtsZ can take on different conformations
more readily than can GDP-FtsZ, a situation that would occur
if the conformational change were particularly unfavorable
for GDP subunits. The opposite result was seen for micro-
tubules: GDP microtubules are more flexible than those po-
lymerized with GTP analogs (56-58). However, the situation
in microtubules is different. The lateral interactions in a
microtubule force GDP protofilaments to take on a straight
conformation, and energetics should allow GDP-tubulin to
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escape from this state and bend more readily than protofila-
ments assembled with GTP analogs (49,50).

The above ideas contrast with the more common assump-
tion that GTP-bound tubulin and FtsZ subunits exist in a
straight (or straighter) conformation even when unassembled,
and that this conformation differs from that of GDP-bound
subunits (37,43,50,51,55). However, the two models are not
mutually exclusive, because the barrier to changing confor-
mations is likely to depend on both species-specific amino-
acid sequences and assembly conditions (9,39). Because FtsZ
assembles readily into protofilaments in the absence of lateral
interactions, further studies on the effect of nucleotides on
longitudinal bonds may be more straightforward in the bac-
terial system than for tubulin.

Determining the polymerization mechanism
of FtsZ

We have described several mechanisms that can produce
cooperativity in single-stranded polymers, but it remains to
be determined which mechanism applies to FtsZ. Two pieces
of data would confirm that the cooperativity of FtsZ is at-
tributable to a conformational change. First, monomeric
GTP-FtsZ should be in a different conformation than poly-
meric GTP-FtsZ. In addition, the relative stability of the two
conformations in monomers should correlate with the degree
of cooperativity. The degree of cooperativity for FtsZ can vary
by more than two orders of magnitude (9,10). Those buffer
conditions that decrease cooperativity should stabilize the
active conformation in monomers, with the change in coop-
erativity proportional to the change in Kc.

Whether conformational change precedes or follows as-
sembly could be determined by the concentration depen-
dence of elongation and nucleation reactions. For elongation,
if the conformational change occurs before a subunit asso-
ciates with a polymer (L + H,, & H + H, < H, ;; el), then
the elongation rate per filament will increase linearly with
monomer concentration. If conformational changes are in-
duced by polymer binding (L + H,, <& LH, < H, ;; e2), the
elongation rate per filament will reach a maximum at very
high protein concentrations. Determining the elongation rate
per filament will require either single-filament observations
or seeded reactions in which de novo polymerization can be
ignored. Similarly, the concentration dependence of the lag
phase of assembly may indicate which nucleation pathway
FtsZ uses. If dimerization precedes the conformational
changes (L + L < LL < LH < HH; n3), then at very high
protein concentrations, the nucleation rate will be directly
proportional to the total protein concentration z,,, whereas at
lower protein concentrations, it will be proportional to z2. In
contrast, if both subunits change conformation before di-
merization (L + L < H + H < HH; nl), the nucleation rate
will be proportional to z2, regardless of total protein. (Note
that even in the latter case, the apparent rate constant for
nucleation will vary with protein concentrations as different
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steps in the nucleation pathway become rate-limiting.) The
success of the experiments described above will depend on
whether unimolecular reactions become rate-limiting at
protein concentrations that are experimentally feasible.
Other approaches may also help define the assembly
pathway of FtsZ. The kinetics of forming different assembly
intermediates might be monitored if conformational changes
could be detected independently from the association reac-
tions. The value of specific equilibrium or rate constants
might be learned from experiments in which only a subset of
possible reactions is allowed to occur. For example, if GDP-
bound subunits always occupy the low-affinity L conforma-
tion, then experiments with GDP-FtsZ should indicate the
affinity and rate constants for the L + L <> LL reaction. Other
nucleotide analogs or mutant versions of FtsZ may similarly
allow individual reactions to be isolated and studied. Finally, a
high-resolution structure of FtsZ protofilaments may allow
parameters to be estimated from free energy calculations and
molecular dynamic simulations, as was done for actin (23).

Relevance for in vivo regulation
of Z-ring formation

Unfavorable steps in polymerization allow a cell to regulate
where, when, and how many cytoskeletal structures will form.
Our knowledge of the structure and formation of filaments in
the FtsZ ring in vivo is unfortunately still quite limited. There is
evidence that FtsZ assembles in several steps, both in vitro and
in vivo. In vitro, the assembly of linear protofilaments precedes
the formation of higher-order, multistranded structures
(14,16,39). Both circularization and lateral bundling of proto-
filaments can stabilize polymers and thus enhance coopera-
tivity (15,19,53,59,60), but the relevance of these structures
in vivo is unclear. Increased cross-linking might allow single-
stranded polymers to coalesce into multistranded Z-rings (22)
(Elizabeth Harry, University of Sydney, personal communi-
cation, 2008). Alternatively, some data suggest that the Z-ring
may be composed of individual protofilaments (62). In this
case, Z-ring formation could be controlled in part through the
regulated nucleation of single-stranded protofilaments. Before
Z-ring formation, rapidly changing helical FtsZ structures ap-
pear throughout the cell, and may be precursors to the ring at
midcell (63,64). Although the exact makeup of these helices is
unclear, initial data suggest that in wild-type cells, they may be
connected into a single structure that spans the entire cell. In
contrast, in mutant cells that are artificially long, two inde-
pendent FtsZ structures were observed (64). Any difficulty in
nucleating protofilaments would favor new polymerization,
primarily at the ends of preexisting structures. Ensuring that all
FtsZ polymers in the cell are part of one connected helix might
help ensure that only a single Z-ring forms later in the cell cycle.

APPENDIX

In our model, four different types of elongation reaction can occur. To analyze
all possible reactions simultaneously, we use a matrix method analogous to
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the transfer matrix method used in statistical mechanics to calculate the
partition function of the one-dimensional Ising model (e.g., see Chandler
(65)). Zimm and Bragg exploited a similar method for studying the distribu-
tion of helix and random coil phases within polypeptide chains (66).
More recently, Bray et al. used variants of the Ising model to study
allosteric changes in chemotaxis receptors (67), flagellar motors (68), and
actin (36).

We first define the equilibrium constants, vectors, and matrices used in our
analysis. We then show the derivations of the expressions for z, (total protein),
p (subunits in polymer), and z;* (the maximum monomer concentration at
equilibrium).

Chemical reactions and equilibrium constants

In our model for allosteric single-stranded polymers, L and H subunit
conformations are in equilibrium with each other, so that

Kc
LeH Kc.=H/L, (6)

where K is the equilibrium constant governing the conformational change in
monomers. When K¢ < 1, monomers predominantly exist in the L confor-
mation.

Four possible polymer elongation reactions can occur at each end of a
polymer. We present elongation reactions at one arbitrarily chosen end of the
polymer, which we call the plus end:

K;
L+LX, < LLX, Ky =LLX,/(LXLX,)

Kin
L+HX, < LHX, Ky = LHX, (L X HX,)
K;
H+ HX, < HHX, Ky = HHX,/(H X HX,)
K;
H+LX, < HLX, K =HLX,/(HXLX,). (1)

K11, Kin, Kur, and Kyy are the equilibrium constants governing associa-
tion between the different subunit combinations. X denotes a subunit whose
conformation is unspecified, and X, a chain of subunits of length n with
arbitrary conformation. We only indicate the conformation of subunits at the
plus end of the polymer; the conformation of all other polymer subunits is left
unspecified. Thus LX|, is the class of all polymers of length n + 1 in which
the subunit at the plus end is an L, and LX,, is the total concentration of all
such polymers. LLX, is the class of polymers of length n + 2 in which both
the terminal and penultimate subunit at the plus end are L subunits, LLX,, is
their concentration, and so on.

The chemical reactions shown in Eq. 7 represent only the addition of
individual subunits to the ends of polymers; annealing and fragmentation
reactions are not represented. Although such reactions can affect polymer-
ization kinetics and polymer lengths, they do not affect the degree of
polymerization at equilibrium (23,69), and it is the latter that is used to detect
sharp critical concentrations.

The association constants shown in Eq. 7 are assumed to be independent
of polymer length. This is a simplification; monomer-monomer interactions
may be somewhat more favorable than the equivalent interactions between a
monomer and a long polymer. More entropy may be lost when a monomer
associates with a polymer than when it associates with another monomer
(70,71). However, the length-dependent decrease in K5 because of these
entropy effects should be relatively small compared with the large dif-
ference in affinity between nucleation and elongation reactions. Length-
dependent changes in K, were estimated to be approximately twofold to
fivefold, both for theoretical linear protein polymers (71) and in experiments
with GDP-FtsZ (15). In contrast, for FtsZ polymerized with GTP, the
apparent K, for dimerization can be between two and four orders of



Nucleated Linear Polymers

magnitude smaller than the K, for elongation, depending on buffer condi-
tions (9,10,39).

Vector representation of polymer concentrations

We use column vectors to represent the concentrations of polymer species that
have the same length but different subunit conformations at their plus ends:

e (50),

where Z,, is a 2 X 1 vector containing the concentrations of all polymers of
length n, and z,,, the total concentration of all chains of length #, is the sum of
the two entries in Zy:

Zn = Xn—l +HXn—]. (9)

As examples, we describe LX,,_; and HX,,_; for monomers, dimers, and
trimers. For monomers, ‘“X,’’ is the unique ‘‘empty chain’’ (containing no
subunits), so that LXj is just L, and HX is H. Thus we can write

LX L
w()-()

The total monomer concentration is
2 =LX,+HXo=L+H=L(1+K¢). an

For dimers, n = 2, so that we write

LX,
7, = (HX1>' 12)

There are four types of dimers to account for, LL, LH, HL, and HH. LX,
represents the class of the polymers that includes LL and LH, whereas HX,
represents the class of polymers that includes HL and HH. Similarly, there
are eight types of trimers: LX, represents the class that includes LLL, LLH,
LHL, and LHH, whereas HX, represents the class that includes HLL, HLH,
HHL, and HH.

It is important to note that we do not determine the concentrations LX,,
and HX,,_; by separately determining the concentration of each individual
member of a class and then adding these concentrations together. Instead, we
determine concentrations from the equilibrium between LX,,_; and HX,
polymers and the two classes of polymers one subunit shorter (LX;,_, and
HX,,_»), as described below.

Detecting critical concentrations

To determine whether our polymerization model can exhibit a critical
concentration, we need to determine the concentrations of p (subunits in
polymer) and z; (monomers) as a function of z, (total protein concentration).
The relationship between these values can be calculated from six parameters:
the five equilibrium constants (Ky1, Kin, Kur, Kun, and K¢) and L, the
concentration of low-affinity monomer. The approach is based on that
published for isodesmic polymerization (11), except here we use matrix
algebra to track four types of elongation reactions. The derivations described
below are also summarized in Table 1.

We determine z,, and p by summing series comprising the concentrations
of subunits in chains of different lengths. For z;, we sum subunit concen-
trations in species of any length (n = 1 to o), whereas for p, we sum over
lengths n = 2 to o. Each polymer concentration is determined from its
equilibrium with species one subunit shorter. This procedure is strictly
analogous to the sum used to obtain z, and p in the isodesmic case (Table 1),
except that here we use the vectors Z, to represent the concentrations of
chains of a given length.
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To determine the concentration of polymers of length n from their
equilibrium with polymers of length » — 1, we only need to consider
monomer addition reactions at one arbitrarily chosen end of the polymer,
which we have called the plus end. The total concentration of LX,, polymers
can be calculated from the two plus-end monomer addition reactions that can
produce it from polymers one subunit shorter:

L+LX, , <LLX,
Ko = K = LLX,_, /(L X LX,_;)

L+ HX, ,<LHX,
Ko = Ky = LHX, /(L X HX, ;). (13)

The first reaction results in the formation of one subclass of LX,, polymers,
whose penultimate subunit is an L. The second reaction forms a second,
nonoverlapping subclass of LX;, polymers, whose penultimate subunit is
instead an H. The total concentration of LX, polymers is the sum of these two
subclasses. Applying Egs. 9 and 13,

LX, =LLX, | +LHX,
=Ky XLXLX, | + Ky XLXHX, ;. (14)

Similarly, HX,, can be calculated from the two plus-end monomer additions
those reactions that can produce it from polymers one subunit shorter:

H+LX, ,<HLX,
Keq = KHL = HLXn,l/(H X LXn,1>
H+HX,_, < HHX,_,
Koy =Ky =HHX,_/(H X HX,_,). (15)
Using Egs. 6, 9, and 15, HX,, can be calculated as:
HX, = HLX, , + HHX, ,
= KHL X H X LXn—l + KHH X H X HXH*I
= KHLKC X L X Lanl + KHHKC X L X HXn—l- (16)

The same mathematical manipulations shown in Eqs. 13—-16 are more
conveniently carried out through matrix algebra:

LX, LLX, , + LHX,_,
Fus = (Hxn> N (HLXM +HHXn1>
(K XL X LX, ) + (Kuy X L X HX, ;)
B ((KHL X HX LX) + (Kun X H ><HXn_1)>
KuL KL LX,_,
B (KHLH KHHH) (HXM)
= (( ku  Kin )L) Z.. (17
KHLKC KHHKC
Therefore,
Z,.,=K,\LZ,
—TZ,, (18)
where X X
K= (ke kor) 09

and T = K, L. The matrix K, contains the overall equilibrium constants for
each of the four possible elongation reactions in which L monomers are
reactants:
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Kip Kin

L+LX, < LLX, L+ HX, < LHX,
K¢ Ky K¢ Kun
LeH+LX, < HLX, L<H+HX, < HHX,
(20)

The matrix T relates the concentration of polymers of length » to those of
length n — 1. The scalar factor K z; functions similarly for isodesmic
polymerization.

The concentration of polymers then becomes the sums of the entries in the
vectors

Z2 - TZI
7, =TZ, = T°Z,
and in general, Z, = T"'Z,. [©3))

The concentration of all species of any length is then the sum of the entries of
the infinite series:

Y T'Z,. (22)
n=1

To find z,, the concentration of subunits in all species, it is necessary to
multiply each polymer concentration by its length n. Thus z, is thus the sum
of the components of the vector Z,, where

Z, =Y nT"'Z,. (23)

DM

n

Provided the eigenvalues of the 2 X 2 matrix T have absolute values of less
than one, the series converges to give

Z,=Y nT"'Z = (1-T)"Z, (24)

n=1

where Lis the 2 X 2 identity matrix, and (I — T) 2 is the square of the matrix
inverse of (I — T). This matrix is invertible except at a singular value of L,
which in turn determines the limit of the monomer concentration at equi-
librium (see below).

Similarly p, the concentration of subunits in all polymers (n = 2), can be
determined from the sum of the components of the vector P, where

P=)YnT"'Z, = <—1 + Y nT“1>
n=2 n=1
Z, = (-1+(1-T)Z,. (25)

The maximum monomer concentration
at equilibrium (z7°)

The equilibrium monomer concentration approaches an upper limit z;* as the
total protein concentration is increased. Thus z° can be calculated by
determining the monomer concentration (z;) as the total protein concentra-
tion (z,) approaches infinity. We first develop an expression for the maxi-
mum monomer concentration in the isodesmic case before considering z;
for our allosteric polymerization model.

For isodesmic systems, p was defined in Table 1 as:

©

p= nKxz)" 'z (26)

n=2

Equation 26 converges to a finite solution only for K z; < 1; for K z; > 1,
p=.Thus,asp — 0, K, z; = 1. When Kaz; < 1, z; < 1/K4. Thus for
isodesmic polymerization, the maximum monomer concentration that can
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exist at equilibrium is equal to 1/K, the dissociation constant for subunits
from polymers.

The maximum monomer concentration for the allosteric polymerization
model can be similarly analyzed. From Eq 24, we can write a formula to
compute Z, as follows:

8

Z, =Y nT"'Z,. 27
1

n

Here, for the series to converge to a finite value, the eigenvalues of T must
have absolute value of less than one, i.e., Z, is finite only if T ! 5 0as
n — o Thus the maximum monomer concentration is the concentration of
monomer for which the largest eigenvalue of T equals unity.

A formula for the maximum monomer concentration can now be derived
from an expression for the eigenvalues of the matrix T. Recall that the matrix

T has the following form:
KuL Kl ) _ (28)

T=HKl= (KHLKCL KunKcL

The largest eigenvalue of T, A, has the form:

L
Ay = §<KLL + KunKc

12

+ ((Kuw — KinKe)® + 4K KK ) > (29)

Substituting A, = 1 at the limit of z;, solving for L, and applying the
relationship z; = L(1 + K¢) gives

w 2(1 + KC)
Z = .
' Ky + KK + (K — KunKe)® + 4K KaKe)'?
(30)

In the most highly cooperative polymerization systems, the expression in Eq.
30 reduces to z;° ~ 1/(KunKc). This occurs whenever Ki 1, Ky, Ky, and
Kc < 1, and KypKc > Ky . This last constraint holds as long as it is more
favorable for an L monomer to add to a preexisting H,, polymer and change
conformations (L + H,, < Hy 1, Koq = KynKc) than for two L monomers to
dimerize (L + L < LL, Koq = Ky 1).

The degree of cooperativity of a
polymerization system

The degree of cooperativity for a particular polymerization system is related
to the nucleation parameter K, /K. (12,13,27). The nucleation parameter
describes how favorable nucleation is relative to elongation, with smaller
values indicating greater cooperativity. It is equivalent to the cooperativity
parameter o described elsewhere (11,20).

For an allosteric linear polymer with a dimer nucleus, K, = K, the
effective association constant for dimers, which can be calculated from:

K, =z2,/z, = (LL+ LH + HL + HH)/(L + H)*
= (Ki. + Kin K + K Ke + Kan K2) /(1 + Kc).
3D
Because K. = 1/z°, the nucleation parameter can be defined as
Kn/Ke - KZ/Ke
w ) 2
=z, (Ku + KuuKc + K Ke + K K¢) /(1 + Kc)™
(32)

In the most highly cooperative systems, K,,/K. ~ K. This occurs when K¢ <
1, z;* =~ 1/KunuKc, and the vast majority of dimers are in the HH confor-
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mation (when KHHK% > K11, KuuKc, and Ky K¢). If any dimer confor-
mation other than HH is stable, LL, LH, or HL will contribute to the total
dimer concentration, K,,/K. will be greater than K¢, and the cooperativity will
be reduced.

SUPPLEMENTARY MATERIAL

To view all of the supplementaary files associated with this
article, visit www.biophysj.org.
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